I. INTRODUCTION
Since the formulation of the Bell theorem ͓1͔, various forms of Bell inequalities, see for instance ͓2͔, have been devised to investigate the possibility ͑or lack of such possibility͒ of a local realistic description of correlations observed in various quantum systems such as M entangled N-dimensional quantum objects. The main advantage of this approach is its simplicity. The drawback of this method is that, in general, Bell inequalities are only a necessary condition for the existence of a local and realistic description of the investigated quantum system. Only in a few cases, see for instance ͓3,4͔, has it been proved that some Bell inequalities are necessary and a sufficient condition for the existence of local realism. Moreover, these cases generally deal with two ͓3͔ or more than two ͓4͔ qubits and two local observables measured at each side of the Bell experiment.
In ͓5͔, a general approach to the problem was presented. Indeed, it is possible to find all relevant inequalities that must be satisfied by the probabilities obtained in the measurement of any number of local observables on the system consisting of an arbitrary number of quantum objects, each of which described by a Hilbert space of arbitrary dimension, so that it may be described in terms of local realism. However, the number of inequalities that have to be examined grows extremely fast with the dimension of the problem, i.e., the number of local observables, quantum objects, and dimension of Hilbert space describing given objects. This renders the method practically useless, as shown in ͓6,7͔.
Recent research shows that a different approach is possible. In ͓8,9͔, the method of numerical linear optimization has been successfully applied to two qubit correlations with up to ten local observables being measured at each side of the experiment ͓8͔ and for two N-dimensional objects (2 рNр16) with two local observables at each side of the experiment ͓9,10͔. In this approach, one does not obtain Bell inequalities but finds the conditions under which there exists a local hidden variable model reproducing quantum results for the given quantum system and the measured quantum observables. Moreover, this method may be applied directly to the analysis of experimental data.
The paper of Kaszlikowski et al. ͓9͔ is a good example of how important it is to know necessary and sufficient conditions for the existence of local realism in a given case. For instance, in ͓11͔, it was shown for two N-dimensional entangled systems that the Clauser-Horne-Shimony-Holt ͑CHSH͒ inequality ͓12͔ is maximally violated by the factor of ͱ2. However, CHSH inequality is not a sufficient condition for the existence of local realism for two entangled objects each described by a Hilbert space of the dimension greater than two. Indeed, the results of ͓9͔ show that violations of local realism increase with the dimension of the systems.
In this paper, we prove analytically that the violation of local realism for two maximally entangled qutrits ͑objects described by a three-dimensional Hilbert space͒ observed via two unbiased three input and three output beam splitters ͓13͔ is stronger than for two maximally entangled qubits ͓9͔. Earlier numerical computations advocated such a violation but rigorous analytical evidence has so far been lacking except for the trivial case of qubit. Thus, it is anticipated that analytical proofs should exist for higher-dimensional quantum systems. Our present paper on three-state systems ͑qutrits͒ therefore constitutes an attempt to confirm the previous numerical claim. Moreover, we also see that the extension from qubit to qutrit is clearly nontrivial. In fact, a comparison of our results with the separability condition for so-called generalized Werner states ͓14͔ may shed some light on the relation between local realism and separability of bipartite quantum systems.
In Sec. II, we briefly recall and describe the possible experimental setting for the observers using six-port beam splitters. In order to arrive at a symmetrical form for the correlation function, we have ascribed a special set of complex numbers to the results of the measurements at the detectors. In Sec. III, we prove analytically the explicit expression for the minimal noise admixture. Finally, in Sec. IV, we conclude with some relevant remarks.
II. TRITTERS AND MEASUREMENTS
We consider the Bell-type experiment in which two spatially separated observers Alice and Bob measure two non-commuting observables A 1 ,A 2 for Alice and B 1 ,B 2 for Bob on the maximally entangled state ͉͘ of two qutrits
where ͉k͘ A and ͉k͘ B describe the kth basis state of the qutrit A and B, respectively. Such a state may be prepared with pairs of photons with the aid of parametric down conversion ͑see ͓13͔͒, in which case, kets ͉k͘ A and ͉k͘ B denote photons propagating to Alice and Bob in mode k.
In this paper, we consider the special case in which both observers measure observables defined by a six-port ͑three input and three output ports͒ beam splitter. The extended theory of such devices may be found in ͓13͔. We give here only a brief description.
Unbiased six-port beam splitter ͑called a tritter by some ͓13͔͒, is a device with the following property: if a photon enters any of the three single-input ports, its chances of exit are equally split among the three output ports. In fact, one may always build a six-port beam splitter with the distinguishing trait that the elements of its unitary transition matrix T are solely powers of the third root of unity ␣ ϭexp(i2/3), namely T kl ϭ(1/ͱ3)␣ (kϪ1)(lϪ1) . In front of the ith input port of the six-port beam splitter, we put a phase shifter that changes the phase of the incoming photon by i . These three phase shifts, which we denote for convenience as a ''vector'' of phase shifts ជ ϭ( 1 , 2 , 3 ), are macroscopic local parameters that can be changed by the observer. Therefore, a six-port beam splitter together with the three phase shifters performs the unitary transformation Û ( ជ ) with the entries U kl ϭT kl exp(i l ).
Alice and Bob measure the following observables:
where i, jϭ1,2 and where, for instance, ជ i denotes the vector of local phase shifts for Alice in the ith experiment. Note that we have ascribed complex numbers to the results of the measurements, i.e., to the ''click'' of the lth detector we have ascribed the number ␣ l . The justification of such an assignment may be found in ͓13͔. This assignment results in a very symmetrical complex correlation function
where, for instance, i 1 denotes the first phase shift at Alice's side in the ith experiment. This correlation function retains the information about the correlations observed in the experiment. In fact, according to quantum mechanics, the whole information that is accessible in the experiment are probabilities of coincidence firings of the detectors. It may be easily verified through the knowledge of the correlation function E( ជ i , ជ j ) that one is able to calculate the probabilities of these coincidence ''clicks'' and in this way obtain the whole information about the correlations observed in the system.
Following ͓9͔, we define the strength of violation of local realism as the minimal noise admixture F thr to the state ͑1͒ below that the measured correlations cannot be described by local realism for the given observables. Therefore, we assume that Alice and Bob perform their measurements on the following mixed state F :
where 0рFр1 and where noise is a diagonal matrix with entries equal to 1/9. This latter matrix denotes a totally chaotic mixture ͑noise͒ that admits a local and realistic description. For Fϭ0 ͑pure maximally entangled state͒, a local realistic description does not exist, whereas for Fϭ1 ͑pure noise͒ it does. Therefore, there exists some threshold value of F, which we denote by F thr , such that for every F рF thr , a local realistic description does not exist. The bigger the value of F thr , the stronger is the violation of local realism. The correlation function for the state ͑3͒ reads
III. PROOF OF MINIMAL NOISE ADMIXTURE
Let us now assume that Alice measures two observables defined by the following sets of phase shifts ជ 1 ϭ(0,/3, Ϫ/3) and ជ 2 ϭ(0,0,0), whereas Bob measures two observables defined by the sets of phase shifts ជ 1 ϭ(0,/6,Ϫ/6) and ជ 2 ϭ(0,Ϫ/6,/6). From numerical computations, it has been found ͓9,10͔ that these sets of phases provide the highest F thr . Straightforward calculations give the following values of the correlations functions for each experiment: E( ជ 1 , ជ 1 )ϭE( ជ 2 , ជ 2 )ϭQ 1 ϭ(2ͱ3ϩ1/6)Ϫi(2 Ϫͱ3/6), E( ជ 1 , ជ 2 )ϭQ 1 * , E( ជ 2 , ជ 1 )ϭQ 2 ϭϪ1/3(1ϩ2i).
From these complex numbers, we can create a 2ϫ2 matrix Q with the entries (Q ) i j ϭE( ជ i , ជ j ).
Local realism implies the following structure of the correlation function for reproducing the quantum correlation function defined above: 
where n ជ ϭ(n x ,n y ,n z )ϭ(Ϫ1/2,ͱ3/2,0), Î is unit matrix, and ជ are Pauli matrices. One observes that Q V commutes with the matrix Û ϭn ជ • ជ , which has only two nonzero entries U 12 ϭ␣ 2 ,U 21 ϭ␣ and is unitary and Hermitian. Furthermore, Û preserves the structure of matrices Ĥ n in the sense that for every nϭ1,2, . . . ,27, Û Ĥ n Û ϭĤ m for some mϭ1,2, . . . ,27. This is an injective mapping. One may also find that some matrices Ĥ n are invariants with respect to transformation Û . For further considerations, it is necessary to list all the pairs (n,m)͕(1,8),(2,10),(3,24),(4,17),(5,19),(7,26),(9,15), (11,13), (12,27),(14,22),(16,20) ,(23,25)͖. By considering the ith pair (n,m), we may define matrices Ĝ i ϭĤ n ϩĤ m . Thus, Ĝ 1 ϭĤ 1 ϩĤ 8 , Ĝ 2 ϭĤ 2 ϩĤ 10 , and so forth. The remaining invariant matrices are Ĥ 6 ,Ĥ 18 ,Ĥ 21 . For convenience, we label them as Ĝ 13 to Ĝ 15 , viz. Ĝ 13 ϭĤ 6 ,Ĝ 14 ϭĤ 18 ,Ĝ 15 ϭĤ 21 .
Suppose that we have the optimal solution ͑the solution for which VϭV thr ͒, i.e., we have the probability distribution p n so that Q V thr ϭ ͚ nϭ1 27 p n Ĥ n . Acting on both sides of this equation with matrix Û , we get another optimal solution with the same V thr ͑matrix Û commutes with Q V thr ) but with the probability distribution p k Ј , which may be obtained from the previous one by swapping probabilities belonging to the same pair, for instance, p 10 Ј ϭ p 2 , and so on. Therefore, due to the above property, we may assume without any loss of generality that in the optimal solution the probabilities referring to the same pair are equal. Therefore, we have reduced the number of relevant probabilities from 27 to 15. One may observe that every matrix Ĝ k may be expressed by matrices Ĝ 1 ,Ĝ 10 ,Ĝ 13 by multiplying them by ␣, ␣ 2 , and Ϫ1. For instance, Ĝ 6 ϭ␣Ĝ 10 ,Ĝ 11 ϭϪĜ 13 , etc. Three matrices are the same, Ĝ 5 ϭĜ 3 ,Ĝ 7 ϭĜ 4 ,Ĝ 11 ϭĜ 9 , which further reduces the number of relevant probabilities from 15 to 12.
Recalling the above properties, we may write the optimal solution in the form Q V thr ϭ ͚ k 5,7,11 w k Ĝ k , with the normalization condition of probabilities 2(w 1 ϩw 2 ϩw 3 ϩw 4 ϩw 6 ϩw 8 ϩw 9 ϩw 10 ϩw 12 )ϩw 13 ) is a sum of matrices Ĥ 14 and Ĥ 22 . These four matrices are linearly independent so they form a basis in fourdimensional space of 2ϫ2 complex matrices. The expansion of Q V thr in this basis reads
where 1 ϭV thr ͓(1/6ϩ1/3ͱ3)ϩi(Ϫ1/9ϩ1/2ͱ3)͔ and 10 ϭV thr ͓(1/6Ϫ1/3ͱ3)ϩi(1/9ϩ1/2ͱ3)͔. Because both 1 and 10 lie on the complex plane between complex numbers 1 and ␣, they may be uniquely expressed by 1 and ␣ with positive coefficients, i.e., 1 ϭV thr ͓1/27(9ϩ2ͱ3) ϩ␣(1/27)(9Ϫ2ͱ3)͔ and 10 ϭV thr ͓1/27(9Ϫ2ͱ3) ϩ␣(1/27)(9ϩ2ͱ3)͔.
We may rewrite the formula ͑5͒ using the identity 1ϩ␣ ϩ␣ 2 ϭ0 as Because we deal with the optimal solution for which V is maximal VϭV thr , all the probabilities with a negative sign in Eq. ͑8͒ must be zero ͑note that none of the probabilities that come into Eq. ͑8͒ with negative sign appears in any equation with a positive sign͒. We get which gives V thr ϭ6ͱ3Ϫ9/2. This ends the proof.
IV. FINAL REMARKS
We have shown analytically that for the Bell experiment with the four trichotomic observables ͑2͒ ͑two at each side of the experiment͒ defined by the sets of phase shifts ជ 1 ϭ(0,/3,Ϫ/3), ជ 2 ϭ(0,0,0), ជ 1 ϭ(0,/6,Ϫ/6), ជ 2 ϭ(0, Ϫ/6,/6), the minimal noise admixture F thr above which local and realistic description exists is F thr ϭ1ϪV thr ϭ11 Ϫ6ͱ3/2. For two maximally entangled qubits, this number is (2Ϫͱ2/2)ϽF thr . Therefore, two entangled qutrits are more robust against the local and realistic description than two entangled qubits.
Although our proof cannot be easily extended to the set of arbitrary observables defined in Eq. ͑2͒ as it relies on the symmetry properties of matrix Q F , it may be considered as the first step towards the Bell theorem for two entangled qutrits. 
